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1. INTRODUCTION 
We begin with some definitions; our terminology will agree with [6, 71. Let 
E be a locally convex Hausdorff space over the real numbers R and let E’ be 
the topological dual of E. For a function f: E--f (-co, + co], the effective 
domain D(f) off is defined by D(f) = {x E E: f(x) < + co> and the epigraph 
epi(f) off is defined by epi(f) = {(x, t) E E x R:f(x) < t}. Unless specified 
otherwise, we assume that all the functions considered here are defined on E 
with ranges in (- cc, + cc] and have nonempty effective domains, and that the 
dual space E’ has the weak topology a(E’, E). We recall that a function f is 
convex if and only if its epigraph epi(f) is a convex set in B x R; f is closed if 
and only if epi(f) is closed in E x R. It is easy to see thatf is closed if and only if 
f is a lower semicontinuous function on E. Letf : E --f (-CO, + co] be a function. 
The functionfe: E’ -+ (- 00, + w] defined by 
fc(u) = sup{(u, x) -f(x): x E E} for u E E’ 
is called the Fenchel conjugate off. For x E E, u E E’, clearly we have 
<x9 u> G f(4 + fe(4 (2) 
(2) is known as Fenchel’s inequality. Obviouslyfc is convex and u(EI, E)-closed. 
It can be shown [6, p. 3441 that a functionf is closed and convex if and only if 
f”” = f, that is, 
f(x) = sup{<u, x) -f”(u): u E E’} for x E E. (3) 
Let A be a nonempty set in E. We define 6,: E --+ (-co, + w] by S,(X) = 0 
if x E A and S,(X) = + w if x E E\A. 6, is called the indicator function of the 
set A. It is clear that 6, is closed if A is a c!osed set and 6, is convex if A is 
a convex set in E. We define function S,: E’ -+ (-co, fw] by S,(U) = 
sup,,,<u, x) for u E E’. S, is called the support function of A. By (1) we have 
S, = SAC and SO S, is u(E’, E)-closed and convex on E’. If A is closed and con- 
vex, then by (3) for an element x E E, x E A if and only if {u, X} < S,(u) for all 
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u E E’. We define function I,,: I!” --f [-co, -in wi) by I,(U) = inf,,t,r ~~1~ .V for 
u E E’. IA is a concave function on E’ in the sense that --I, is convex. The termi- 
nology described above for convex functions has a mirror image for concave 
functions. We will not go into details here since I,, is the only function we 
encounter here that is concave and allowed to have value - GO. We remark only 
that the epigraph epi(l,,) of& defined by epi(1,) = {(v, S) E E’ x R: I.,(a) 2. s} is 
closed and convex in E’ x R and so IA is a(E’, E)-upper semicontinuous on E’. 
Let {fV : v ~1) be a family of closed convex functions on E, where the index 
set I is arbitrary, and let A be a closed convex set in E. We consider the system 
of convex inequalities for the form 
for v E I. (4) 
The system (4) is called consistent on A if there is x E A satisfying (1). We will 
simply say that the system (4) is consistent if it is consistent on E. It is our main 
purpose in the present work to study the consistency of the system (4) on the 
set A. The contents of this paper are suggested by some results and techniques 
of Fan. Let {u” : Y ~1) be a family of elements of E’ and let (01” : v ~1) be a cor- 
responding family of real numbers. In [4] F an studied the system of linear 
inequalities of the form 
44 G % forVEI. (5) 
The main result there [4, Theorem I] asserts that the system (5) is consistent 
on E if and only if the element (0, - I) E E’ x R is not in the closed convex cone 
D generated by the set {(u, , a,) E E’ x R: v EI) in E’ x R, where 0 stands for 
the zero element of E’. The closed cone D is referred to as the reference cone 
for the system (5). This result generalizes a consistency condition for the finite 
systems of linear inequalities known as Fan’s condition [3, 51. We observe that if 
u E E’, a: E R and if f is the affine function defined by f(x) = u(x) - a for 
x E E, then we have D(f”) = {u} and P(U) = 01. This suggests that we may 
define the reference cone C for the system (4) of convex inequalities to be the 
closed convex cone generated by the set 
L = ((u, ,fvc(u,) E E’ x R: v E I, u, E D(fv )$ (6) 
in E’ x R. By formulating in terms of the closed cone C, we obtain a number of 
results concerning the system (4) that extend and unify known results on a 
variety of consistency problems. 
The material contained in this section is stated with respect to the dual 
system (E’, E). They can also be formulated with respect to any dual system 
(F, E), in particular to the dual system (E*, E) formed by a real vector space E 
and its algebraic dual E*, where the space E may be equipped with any locally 
convex Hausdorff topology compatible with the dual system. 
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2. THE MAIN RESULTS 
Let E be a locally convex Hausdorff space over R and let E’ be its topological 
dual. Unless specified otherwise, we assume that E’ has the weak topology 
o(E’, E) with respect to the dual system (E’, E). We recall that a cone P 
generated by a set M in a topological space is the smallest set containing A!2 such 
that P + P C P and hP C P for all h > 0. The closed convex cone generated 
by M is the closure P of P. 
LEMMA 1. Let 3 be a set in E. If Int B # o , then the epigraphs of the functions 
S, and I, in E’ x R are closed convex cones. Each of the cones is generated by a 
compact convex set. 
Proof. We prove only the case for the function S,; the case for function IB 
can be similarly proved. The epigraph of S, is the set P = {(u, t) E E’ x R: 
S,(u) < t). Obviously P is a closed convex cone in E’ x R. Let x0 E Int B. By 
Alaoglu-Bourbaki theorem, the polar (B - x,)O = (u E E’: S,(u) < (u, x,,) + 11 
of the set B - x0 is compact in E’. Let 
M = {(u, (u, x0) + 1) E E’ x R: S,(u) < (u, x0) f l} 
then M is compact, convex and contained in P. We show that P is generated by 
M. Since M is convex, it suffices to show that for any (u, t) E P, there is h > 0 
such that ;\(u, t) E M. It is trivial if u = 0; if u # 0, then t - (u, x0) > 
S,(u) - (u, x0) > 0 is finite and so there is h > 0 such that I = At - ‘\(u, x0) > 
AS,(u) - h(u, x0). It follows that h(u, t) E M. 
Suppose that the system (4) of convex inequalities defined by a family 
{fv :v ~1) of closed convex functions is given. The set of elements x E E satisfying 
(4) is denoted by K. Let C be the closed convex cone generated in E’ x R by 
the set L given in (6). Our main result is the following 
THEOREM 1. Let A be a nonempty convex set in E. Then 
(a) for any neighborhood U of 0 in E, the system (4) is consistent on A + U 
if and only if 
IA(u) < t for all (u, t) E C. (7) 
(b) If A is compact, the-n the system (4) is consistent on A if and only if (7) 
holds. 
Proof. The proof is divided into following steps: 
(i) We first prove that if x E K, then (u, x) < t for all (u, t) E C. Let 
v = (x, -1) E E x R. Regarding v as a continuous linear form on E’ x R, 
by (2) we have for all (uy , f”“(q)) EL 
P(% 9fyc(%)) = <% Y x> - fYC(%) < f (4 < 0. 
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Since C is the closed convex cone generated by L, we have 
p(u, t) = (24, x) - t < 0 for all (u, t) E C. 
(ii) If for any neighborhood ZJ of 0 in E, the system (4) is consistent on 
B = A + U and if x E B n K, then for all (u, t) E C, we have 
Since the intersection of the sets A + U, where U runs over all neighborhoods 
of 0 in E, is 2, we have (8) implies (7). Thus, the condition (7) is necessary for 
both statements (a) and (b). 
(iii) Let A be any closed convex set in E. The epigraph of I, is the set 
P = f(z), s) E E’ x R: I,,(a) 2 s}, We p rove that if there exists a nonvertical 
closed hyperplane in E’ x R separating C and P, that is, if there is pl = (x, r) E 
E x R, Y # 0 and a real number b such that 
and 
q(u, t) = (24, x) $ rt < b 
&I, s) = (a, x) $- rs > b 
for all (u, t) E C 
for all (2), s) 6 P 
(9) 
(‘0) 
then the system (4) is consistent on A. Since both C and P are cones, we must 
have b = 0. Since (0, - 1) E P, we have r < 0. Dividing both (9) and (10) by 






From (11) it follows that for all v E I, U, E D(f”) 
and hence by (3) for all Y E I, fv(-X/Y) < 0, that is, -x/r E K. By (I 2) we have 
(v, -X/Y) > IA(v) for all v E I?‘. Since A is closed convex, -x/r E A. Thus, 
AnK#a. 
Now we assume that the condition (7) is satisfied. 
(iv) Suppose A is compact. Then IA is finite valued and bounded below 
on a r(E’, E)-neighborhood of 0 in E, and so IA is T(E’, E)-continuous, where 
T(E’, E) denotes the Mackey topology with respect to the dual system (E’, E). 
Since 7-Int P = {(v, s) E E’ x R: IA(w) > } s is nonempty, where T-Tnt P denotes 
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the interior of P in E’ x R with the Mackey topology T(E’, E) on l?‘, and by the 
condition (7) T-Int P n C = D, there is v = (x, r) E E x R and b E R such that 
and 
for all (u, t) E C 
p(v, s) = (v, x) + rs > b for all (21, t) E T-Int P. (13) 
Since C is a cone, we have b 3 0. But (0, - 1) E T-Int P and so -r > 6 >, 0. 
Clearly b = 0 and (13) implies (10). By (iii) the condition (7) is sufficient for the 
statement (b). 
(v) Let U be a neighborhood of 0 in E, where we may assume that U is -- 
balanced and convex. Let B = A + U, then B is closed, convex and Int B # 0. 
If V is a neighborhood of 0 in E such that V + V C U, then A + V C A + U. 
Thus, to prove that (7) is sufficient for the statement (a), it suffices to show that 
the system (4) is consistent on B. The epigraph of Is is Q = {(v, s) E E’ x R: 
IB(v) > s}. Since Int B # O, by Lemma 1 for some x0 E Int B the cone Q is 
generated by a compact convex set N = {(v, (v, x0) - 1) E E’ x R: Ie(v) > 
<a, xo> - 11. BY (7) we have I,(u) < IA(u) < 1 for all (u, t) E C and hence 
C n N = O. By the separation theorem, there is v = (x, r) E E >: R and b E R 
such that 
and 
q(u, t) = (u, t) + rt < b for all (u, t) E C 
p(v, s) = (v, s) + YS > b for all (v, s) E N. (14) 
A routine argument shows that 6 > 0 and --r > b > 0. Since the cone Q is 
generated by N, (14) implies that (v, x) + YS 3 0 for all (71, s) E Q. The result 
follows by applying (iii) to the closed convex set B. 
Theorem l(b) can be reformulated into the following sharpened form (cf. 
[7, Theorem 21.31): 
THEOREM 2. Let A be a compact convex set in E. Then either 
(a) the system (4) is consistent on the set A 
Or 
(b) there are finite many indices vi in I and nonnegative numbers hi 
(1 < i < n) such that for some E > 0 
for all x E A 
but never both. 
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Proof. Obviously (a) and (b) canot hold simultaneously. Now we assume (a) 
does not hold and prove that (b) holds. By Theorem 1 there is (u, t) E C such that 
IA(u) > t. Since I, is r(E’, E)-continuous and C is also closed in E’ x R when 
E’ has the Mackey topology T(E’, E), th ere exist finite many indices vi E I, 
ui E D(f,“i) and nonnegative numbers hi (I < i < KI) such that 
Then by (2) for all x E A we have 
=c>O. 
When A = E, the condition (7) is always true for all u E E’ unless u = 0, in 
which case (7) is equivalent to the condition that (0, t) $ C for all t < 0. Hence 
Theorem l(a) has the following special form: 
THEOREM 3. The system (4) is consistent on E ;f and only ;f the element 
(0, - 1) E E’ x R is not in C. 
Thereom 3 is a direct extension of [4, Theorem l] to systems of convex 
inequalities. Analogous to [4, Theorem 21, we have the following generalization 
of the classical theorem of Farkas: 
THEOREM 4. Let the system (4) be consistent and let f be a closed convex 
function on E. Then the inequality 
f(x) G 0 (15) 
is a consequence of (4) (i.e., (15) is satisfied by every x E K) if and only if for every 
u E D(f”), there is t < fC(u) with (u, t) E C. 
Proof. Let x E K. Regarding 93 = (x, - 1) E E x R as a continuous linear 
form on E’ x R, we have ~(u, t) = (u, x) - t < 0 for all (u, t) E C as shown 
in the proof (i) of Theorem 1. For each u E D(f”), if t E R is the number such 
that t < fC(u) and (u, t) E C, then we have (u, x) -f”(u) < (u, x) - t = 
q~(u, t) < 0. Hence by (3) f(x) < 0. 
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Conversely, suppose that there is u E D(f”) such that (u, t) $ C for all t G f”(u). 
Then (Xu, XT(u) + (h - 1)) 6 C for all 0 d h G 1. Indeed, Theorem 3 gives 
the case for X = 0; for 0 < A \( 1, by the assumption we have (u, fC(u) + 
(A - l)//\) 6 C. Since the set {(hu, hfc(u) + (X - 1)) E E’ x R: 0 < h < I> is 
compact in E’ and disjoint from C, there is v = (x, r) E E x R and b E R such 
that 
and 
v(u, t) = (u, x> + rt < b for all (zI, t) E C (16) 
pJ(hu, Al(u) + (A - 1)) = x<u, x) + rhfyu) + r(h - 1) > b (17) 
for all 0 G A - 1. Since C is a cone, we have b > 0. Let h = 0 in (17), then we 
have r < 0. If we divide the both sides of (16) by -I, thenf,(x/-r) G 0 for all 
Y E I as shown in the proof (iii) of Theorem 1, that is, x/-r E K. Let h = 1 in 
(17) and divide the both sides of (17) by -r, then (u, x/-r) -P(U) > 0 and 
hence by (2)f(x/-Y) > 0. Thus, (15) is not a consequence of (4). 
COROLLARY 1. Let the system (4) be consistent on E, u E E’. Then supEK(u, x> 
is$nite if and only if there is t E R such that (u, t) E C. In this case, 
s~~g(u, x} = min{t E R: (u, t) E C}. 
Proof. If (u, t) E C for some t E R, then Theorem 4 implies that (u, x> G t 
for all x E K. Conversely, if s = supzEK(u, x> is finite, then the inequality 
(u, x> G s is a consequence of (4) and hence there is t G s with (u, t) E C. 
However, for any E > 0, the inequality <II, x) d s - E is not a consequence of 
(4) and so (u, s - l ) $ C. We must have (u, s) E C. 
COROLLARY 2. Let the system (4) be consistent on E and let A be a nonempty set 
in E. If A is open, then the system (4) is consistent on A if and only ;f 
W) < t for all(u, t) 6 C, u # 0. (18) 
Proof. Assume that (4) is consistent on A. If we choose x E A n K, then for 
all (u, t) E C, u # 0, we have I(u) < <u, x> G t. 
Conversely, assume that the system (4) is inconsistent on A, that is, A n K = 
.D . Since A is open, there is u E E’, u # 0 and h E R such that (u, x> G h for all 
xeKand 
<%Y> > A for ally E A. (19) 
Now the inequality <u, x) d X is a consequence of (4) and so there is t d h with 
(u, t) E C. But from (19) if follows that IA(u) 3 h 3 t. This contradicts (18). 
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3. APPLICATIONS 
In this section, we discuss some particular systems of convex inequalities 
and their relationship with the results obtained in the previous section. First we 
consider a finite system of linear inequalities of the form 
where ui E E’, 01~ E R. 
THEOREM 5. Let A be a balanced convex set in E. Then for any p > 1, the 
system (20) is consistent on pA if and only if 
(21) 
for any n nonnegative numbers Xi (1 < i < n). 
Aithough Theorem 5 cannot be derived directly from Theorem 1, it can be 
proved in a similar fashion. Clearly the condition (21) is necessary for the 
consistency of the system (20) on the set A. Since the convex hull L of the finite 
set {(ui , ai) E 23’ x R: 1 < i < n} is compact in E’ x R, the convex cone C 
corresponding to the system (20) is generated by L. The condition (21) implies 
that L is disjoint from the epigraph of PI, = I,,A for any p > 1. By the separation 
theorem and the proof (iii) of Theorem 1, it can be shown that (21) is also suf- 
ficient for the system (20) to be consistent on the set A. In case A = E, (21) 
reduces to the Fan’s condition that the system (20) is consistent if and only if 
~~=, h,ori > 0 whenever Ai (1 < i ,( n) are n nonnegative numbers such that 
x*:=“=, A& = 0. 
From Theorem 5 we obtain immediately the well-known result known as 
Helly’s condition (see [5]) that for any p > 1, there exists x E pA satisfying 
z+(x) = 01~ (1 < i < n) if and only if the condition (21) holds for any n real 
numbers hi (1 < i < n). Since A is balanced, the Helly’s condition can also be 
expressed in the familiar form that 
for any n real numbers h, (1 < i < n). 
Next we consider the problem concerning the existence of elements u E E’ 
satisfying 
<UP xv> >, % forvE1 
(22) 
P>U 
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where p is a real-valued continuous sublinear function on E, (xy : v EI)- is a 
family of elements in E and {OLD : v ~1) is a corresponding family of real numbers. 
The index set I is arbitrary. The problem has been studied by Mazur-Orlicz 
(see [5]), Fan [3] and recently by Bittner [I]. The set A = {u E E’: u < p} is 
obviously nonempty, convex and by the Hahn-Banach theorem p =: S, . 
Moreover, the Alaoglu-Bourbaki theorem implies that A is (E’, E)-compact. 
Hence the problem of finding elements u E E’ satisfying (22) is reduced to the 
consistency problem of Theorem 1 (b) (with the inequality signs reversed). Since 
the a(E’, E)-closed convex cone C corresponding to the system (22) is also closed 
in the original topology of E and p is continuous, the condition (7) takes the 
special form that 
P jJ Axvi 3 jJ xi”lvi 
t 1 i=l i=l 
(23) 
for any finite many indices vi E I and any nonnegative numbers hi (1 < i < n). 
Thus, (23) gives a necessary and sufficient condition for the existence of an 
element u E E’ satisfying (22). In particular, let E be a real vector space and let p 
be any real-valued sublinear function on E. If E is equipped with the finest 
locally convex topology, then the topological dual of E is identical with its 
algebraic dual E* and the sublinear function p is continuous on E. Thus, in 
this case (23) is also a necessary and sufficient condition for the existence of an 
elemen u E E* satisfying (22). 
Closely related with the consistency problems of Section 2 are the problems 
concerning the separation of convex sets in E. We give a direct proof of the 
following result, which can also be established in other ways: 
LEMMA 2. Let Ai be n convex sets in E with Int A, # D (1 < i < n), 
A = nrCl A, and let v E E’. If A # o and S,(v) is Jinite, then there exist n 
elements ui E E’ (1 < i < n) such that 
and 
241 + 112 + ... + u, = v 
S&l) + S&J + **. + S.4,(%J G S,(v). 
(24) 
Proof. We consider the system 
of convex inequalities, where 6,i is the indicator function of the set Ai . We 
have 8>< = SA, . Since Int Ai # 12(, by Lemma 1 each of the epigraphs epi(S,$) 
is a convex cone generated by a compact convex set& (1 < i < n). By a suitable 
choice of the sets Li , the convex hull of ul, Li can be made to be compact and 
hence the convex cone C corresponding to the system (25) is the sum of the 
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convex cones epi(A;) (1 < i -6 n). If S,(v) is finite, then by Corollary 1 
(zl, S/,(v)) E C. Thus, there exist (ui , ti) E epi(S,$) (I < i < EI) such that 
zr=, (ui , tj) = (71, S,(v)). Now (24) follows immediately. 
From Lemma 2 we deduce immediately a result of Dubovskii and Milyutin [2] 
that if A, , A, ,..., A, are n + 1 nonempty convex sets in E, where Ai (1 < i < n) 
are open, then fly&, Ai = ia if and only if there exist n + 1 elements ui E E’ 
(0 < i < n), not all zero, such that 
and 
U” + u1 + ... -+ u, = 0 
SAoW + SA1(UI) + ... + SA,(%) < 0. 
Obviously the condition (26) is sufficient. To see that (26) is also necessary we 
may assume that A = ny=, Ai # ~?i and A n A, = 0. Then there is v E E’, 
v # 0 such that S,(v) < IAO(v). By L emma 2 there exist 1z elements ui E E’ 
(1 < i < n) satisfying (24). Let u,, = -v. Since SAO(u,) = -IAO(v) < --S,(v), 
(26) follows. 
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